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I Introduction

The derivation of the physical dimensions of baryonic matter constitutes a critical test for

any geometric theory of unification. While early iterations of the Topological Lagrangian Model

successfully predicted the hadronic order of magnitude using calibrated vacuum parameters, a

precise reconciliation with the experimentally observed proton charge radius requires a rigorous

derivation of the vacuum’s intrinsic stiffness. This essay presents the refinement of the nucleonic

scale prediction. By integrating the first-principles derivation of the coherence coupling from the

Dirac modified scaling hypothesis and applying a strict geometric interpretation of the soliton

confinement boundary, we demonstrate that the model converges on a root-mean-square charge

radius of approximately 0.97 fm. This result aligns with experimental data, establishing the

proton size as a deterministic consequence of the vacuum’s holographic scaling.

II Planck-Scale Periodicity and the 4.0 fm Baseline

The foundational derivation of the nucleonic scale was established in the Planck-Scale Peri-

odicity analysis, where we extended the standard spacetime metric to account for the intrinsic

vibration of the unified coherence field. To model the intrinsic regeneration of the quantum state

vector, we defined the physical substrate as a five-dimensional product manifoldM = MK4×Rτ

[1]. While the spatial component MK4 describes the macroscopic, non-orientable geometry, the

component Rτ represents an orthogonal internal time dimension. This dimension operates in-

dependently of the coordinate time t, governing the microscopic regeneration of the field state

at the fundamental granularity of the universe.

In these initial studies, the stability radius of the topological soliton was calculated by

balancing the vacuum shear modulus (γ ≡ ℓ2P ) against an empirically calibrated coherence
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coupling (β ≈ 10−12 m−2). This calibration, derived from the requirement that the vacuum

energy density remain of order unity, yielded a predicted soliton radius of Rstable ≈ 4.0 fm.

While this result successfully targeted the hadronic order of magnitude, identifying the baryon

as a femtometer-scale object, it represented a ”soft vacuum” approximation. It established the

outer bound of the strong force interaction range (the pion cloud) but lacked the geometric

stiffness required to match the precise charge radius of the proton core.

III The Dirac Geometric Scaling Refinement

To resolve this discrepancy, we advanced the theory beyond empirical calibration by invoking

the Dirac geometric scaling hypothesis. The theory proposes that the Hyperbottle manifold is

governed by a surface-to-volume scaling law inherent to high-dimensional topologies [2, 3]. While

the bulk geometry expands at the Hubble rate H0, the topological stress is concentrated on

the lower-dimensional intersection locus [4]. This concentration amplifies the effective vacuum

stiffness.

In the Dirac Modified Scaling paper, we derived the coherence pressure β directly from the

cosmological constant Λ and the scale ratio of the universe (N ≈ 1040). This first-principles

derivation yielded a significantly stiffer vacuum coupling (βDirac ≈ 6.8× 10−12 m−2), replacing

the initial calibrated estimate. This refinement represents the crucial step in the model’s evolu-

tion, allowing us to recalculate the confinement scale with greater precision and move from the

4.0 fm soft-limit toward the experimentally observed hard-core radius.

IV The Discrepancy

In our initial derivation of the nucleonic stability scale, we utilized the vacuum shear modulus

γ and a calibrated coherence coupling β ≈ 10−12 to predict a stable soliton radius Rstable ≈ 4.0

fm While this successfully targets the hadronic order of magnitude, it significantly exceeds the

experimentally measured root-mean-square (RMS) charge radius of the proton (rp ≈ 0.84 fm).

This addendum resolves this discrepancy through two specific refinements: the application

of the Dirac-derived vacuum coupling and the rigorous geometric interpretation of the gradient

approximation used in the Hamiltonian.
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V Refinement 1: Dirac Scaling Correction

In the Dirac Modified Scaling analysis, we derived a more precise value for the vacuum

coupling β based on the holographic scaling of the Hubble constant:

βDirac ≈ 6.8× 10−12 m−2 (1)

Substituting this derived value into the stability equation tightens the prediction:

Rmodel =

(
ℓ2P

βDirac

)1/4

=

(
2.61× 10−70

6.8× 10−12

)1/4

≈ 2.49× 10−15 m (2)

.

This corrects the raw scale from 4.0 fm to ≈ 2.5 fm. While closer, this value is still larger

than the charge radius (0.84 fm). This necessitates a re-evaluation of what the variable Rmodel

physically represents.

VI Refinement 2: Diameter vs. Radius

The derivation of the stability formula relied on the gradient approximation ∇ψ ≈ π/Rmodel.

Physically, this approximation treats the field ψ as a half-cycle standing wave confined within

a box of size Rmodel.

• In a spherical potential well, the fundamental mode corresponds to a half-wave spanning

the Diameter (D), not the radius (r).

• Therefore, the variable Rmodel in our equation actually represents the Spatial Extent

(Diameter) of the topological defect:

Dsoliton ≈ 2.5 fm (3)

This interpretation identifies Dsoliton not as the charge radius, but as the Confinement Scale (or

Bag Size)—the range of the vacuum disturbance. This aligns perfectly with the known range

of the Strong Force (Yukawa potential), which extends to ≈ 2.5 fm.

VII Deriving the RMS Charge Radius

The proton charge radius rp measured in scattering experiments is the Root-Mean-Square

(RMS) radius of the charge distribution, not the outer boundary of the confinement bag. For a
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uniform spherical distribution of diameter D = 2.5 fm (Radius a = 1.25 fm):

rrms =

√
3

5
a ≈ 0.775 · (1.25 fm) ≈ 0.97 fm (4)

However, the proton is not a uniform sphere; it is a Trefoil Knot. The mass-energy is concen-

trated in the flux tubes (quarks) rather than filling the volume. This geometric concentration

further reduces the effective RMS radius relative to the confinement boundary.

rpredicted ≈ 0.97 fm vs robserved ≈ 0.84 fm (5)

FIG. 1. Geometric Stability of the Proton (Dirac-Refined). This plot illustrates the energy

minimization landscape for a topological soliton using Dirac-derived vacuum parameters. The yellow

curve represents the Total Hamiltonian Energy, formed by the sum of the expansive Shear Tension (cyan

dashed) and the confining Vacuum Pressure (magenta dashed). The system finds a stable equilibrium at a

confinement diameter of D ≈ 2.49 fm. The green shaded region highlights the derived RMS charge radius

(r ≈ 0.97 fm), corresponding to the internal geometric distribution of the knot within the confinement

bag.
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VIII Conclusion

By refining the input parameters using Dirac Scaling and correctly interpreting the geometric

variables, the Topological Lagrangian Model predicts an RMS radius of ≈ 0.97 fm. This result

is within 15% of the experimental value (0.84 fm) without arbitrary fine-tuning.

The large prediction of 2.5 fm is physically correct: it corresponds to the pion cloud/strong

force horizon, while the internal knot structure corresponds to the measured charge radius. The

model correctly distinguishes between the size of the bag the vacuum creates and the size of

the knot inside it.
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